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1. Introductions 

It is a classical theorem of Kodaira PP that if the first cohomolog- 
ical group of the normal bundle is zero, then the deformation of a 
compact complex submanifold within the ambient complex manifold is 
unobstructed. However, it is usually difficult to check if such a coho- 
mological group is indeed zero. Furthermore, as showed in §2, in some 
cases, it will never be zero. 

In this short note, we are going to prove: if the deformation of the 
complex structure of a compact complex manifold M is unobstructed 
in the sense of Kodaira and Spencer, and if M — > V is an embedding 
to the complex manifold V and H l (M, Tv\m) — 0, then any fiber in 
a neighborhood of the universal deformation space U at M can be 
embedded holomorphically to V. 

Contrary to the case of normal bundle, it will be relatively easy to 
check the vanishing of the group H l (M, Tv\m)- For example, if the 
curvature of the manifold V has some kinds of positivity along M, 
then the group vanishes. 

The typical examples of M are compact Calabi-Yau manifolds. Those 
manifolds admit Kahler metric with zero Ricci curvature. In Tian j^j, it 
is proved that the deformation of the complex structure of a Calabi-Yau 
manifold is unobstructed. The moduli space of a polarized Calabi-Yau 
manifold is then a complex orbifold. 

We use the similar method as that of Kodaira pQ . That is, we con- 
struct a formal power series which gives the map we want. Then we 
prove the convergence of the power series. Fortunately, in our case, the 
original method in [j] of proving the convergence can also be applied 
here. 
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2. Analytic families of compact submanifolds 

Suppose M is a compact complex manifold. We assume that the 
deformation of the complex structure of M is unobstructed. That is, 
the universal deformation space U of M is a complex manifold near 
M with complex dimension dim i7 1 (M, Tm), where Tm denotes the 
holomorphic tangent bundle of M. 

If M is a Calabi-Yau manifold, then the deformation of the complex 
structures on M is unobstructed by a theorem of Tian [3]. 

We use the notations and definitions in pQ. 

Definition 2.1. Suppose N is a complex manifold of dimension r + n. 
By an analytic family of compact submanifolds of dimension n of N 
we shall mean a pair (Ai, U) of a complex manifold U and a complex 
analytic submanifold M. of N xU of co-dimension r which satisfies the 
following two conditions: 

1) . for each point t e U, the intersection Ai D iV x t is a connected, 
compact submanifold of N x t of dimension n. 

2) . for each point p e At, there exist r holomorphic functions f\ = 
fi(w,t),--- ,f r = f r (w,t) defined on a neighborhood U p of p in N x U 
such that 

rank — — j- = r 

d(w 1 , ■ ■ ■ ,w r+d ) 

and in U p , the submanifold M. is defined by the simultaneous equations 

fl(lU,t) = f 2 (w,t) = --- = f r (w,t)=0 

We call U the parameter manifold or the base space of the family 
(N, U) . We denote the family (N, U) simply by N when we need not 
indicate the base space U. For each point t & U , we set 

M t xt = Mf]Nxt 

the submanifold M t of N thus defined will be called the fiber of A4 
over t. We may identify M t x t with M t and consider M t as a family 
consisting of compact submanifold M t , t G U of N. 

Definition 2.2. We say (X, U) is the local total family of M, if U 
is a neighborhood of C d with d = dim if 1 (M, Tm) where Tm is the 
holomorphic tangent bundle of M, and a projection 

such that it is holomorphic, surjective, of rank d and such that for all 
t <EU, 7r _1 (t) is a deformation of complex structure of the center fiber 
n-\0) = M. 

We state the main result of this paper. 
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Theorem 2.1. Suppose M is a compact complex manifold whose de- 
formation of its complex structure is unobstructed. Let N be another 
complex manifold. Suppose that 

i:M->N 

is a holomorphic embedding. If H X {M, T N \ M ) = where T N \ M is the 
restriction of the holomorphic tangent bundle of N to M , then there is 
a holomorphic map 

f :X->N 

such that /|m = i- Here (X, U) is the local total family of M. Further- 
more, / | 7r -i(t) is an embedding ofit~ l {t) to N fort G U. 

Proof: Suppose Uj^iUj D X is an open covering. On each Uj, j G /, 
suppose (zj, • ■ • , Zj, t) is a local coordinate such that 

ir(z],--- ,z?,t) = t, teUcC d 

It is obvious that for fixed t, (zj,---zj) will be local coordinate for 
7r _1 (t) = M t . We further assume that Uj is defined by 

Uj = {\zj\ = Max a \Zj \ < 1} 

We have, however, holomorphic functions gjk such that 

for a — 1, • • • , n and for Uj fl U k ^ 0. 

Now we suppose UVa D N is an open covering of N. Suppose 

i(Uj) C V Aij) , j G / 

for some A(j) of j. Suppose {w\,--- ,w r A ) is the local holomorphic 
coordinate chart of iV on Va- And we have transition functions Hab on 

v A nv B ^ 0, 

™ s a = h s AB {w B ) 
for s — 1, • • • r + n — dim N. And again, we assume 

Vj = {\wj\ = Max\w S j\ < 1} 

For the sake of simplicity, we denote j for A(j). In order to construct 
/, we need only have to construct holomorphic mappings (fj) such that 

fj : Uj - Vj, j G I 

satisfying 

(2.1) h s j k (f k (z k ,t)) = f*(g jk (z k ,t),t) on Uj n U k ^ 0, j, k G / 
for s = 1, • • • , r + n. 
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We set up some notations. Let 

fk( Z , t) = fk\0 + fk\l + • • ■ + fk\m H 

be the decomposition of f k (z k ,t) into homogeneous polynomials of t of 
degree m. Of course, each f k s and /fe| m 's are vector valued functions 
fk = (/£), fk\m = (f k \ m ), s = 1, • • ■ , r + n. Suppose 

/fe" = /fe|0 + 1" fk\m, k G / 

and let a = m 6 means a — 6 is of polynomial of t of degree bigger than 
or equal tom + 1. 

We construct f k \ m inductively First, set 

fj\o = j£l 

It is easy to check that 

h jk (fk(z k , t)) =„ f°{g jk {z k , t),t) Uj n U k + 

where h jk = (h s jk ) s= i t ... ir+n . 

Now suppose for integer m, f™ is constructed, and 

(2.2) h jk (fr(z k ,t)) = m f™(g jk (z k ,t),t) Uj n C4 ^ 
Define 

(2.3) ^ jk (z k ,t)= m+1 h jk (f^(z k ,t))-fp(g jk (z k ,t),t) UjnU k ^$ 

Then 
Claim: 

Ow ■ 

Proof of the Claim: By Equation ([2.3)1 . we have 

fr(9ik(z k , t),t) = m+ i h ik (f^(z k , t)) - % k (z k , t) UiHU k ^% 
Thus on Ui R C/j D £4 ^ 0, we have 

h ij(f™(9jk(z k ,t),t)) = m+1 hijihjkif^izkit)) - ^ jk (z k ,t)) 

=m+i hij{hj k {f k l {z k -,t))) - -r^fy s jk (z k ,t) 



=m+l hik{f™{Zk,t)) - -^-p^/ S jk (z k ,t) 

Note that *$ fc (js fc ,t) = m 0. So 
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We have 

dw s A 



^ij(gjk(z k ,t),t) = m+ i $? ik (z k ,t) - -^\t=o^j k (zk,t) Uj nU k yt 



On the other hand 

g jk (z k , t) =o Zj UjHUk^^ 

So 

^ij{zj,t) = m+ i ^ij(g jk (z k ,t),t) 

Thus we have 

(2.4) %(^, t) = # ife fe , t) - ^|t=o* 3 %(**, *) Uj n c/ fe ^ 
The claim is proved. □ 



Suppose U = (Uj) is the covering of M, we see from Equation (J22 
{%}i je / defined a cocycle of Z l (U, T N \ M ). Thus { V I', ; } ( ; . / e ^(W, T^Im) 
With a good covering W, we have H 1 {U,T^\m) = H x {M : Tjs;\m) and 
by the assumption, the latter is zero. So we can find {^j} such that 

We then define inductively as 

(2.5) fr +1 M = fj?(z k ,t) + * k (z k ,t), kel 

With this definition, we have 

hjk(f k + \z k ,t)) = m+1 h jk (fj?(z k ,t) + * k (z k ,t)) 

(Jill ■ 

= m+ ih jk (f?(z k ,t)) + -^n(z k ,t) 

= m +i *j k (z k ,t) + Q-±y s k (z k ,t) + f™(g jk (z k ,t),t) 

= m+1 Vj(zj, t) + f™(gj k (z k , t),t) 
=m+i /j™ (gjk{z k ,t),t) 

Now we have got a formal series 

/fc|o + fk\i H h /fc|m H fee/ 

which satisfies Equation ()2.2|) for any m. If it converges, then f k s and 
/ will be holomorphic and / will satisfy Equation (j2.1j) . We put off 
the proof of the convergence to the next section. At this moment, we 
assume the convergence is true. 
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By continuity, for fixed t, t being sufficiently small, / will be an 
immersion on 7r _1 (t). We claim that for sufficiently small t, f is an 
embedding. Suppose not, then we can find t n — > and x n , y n G 7r _1 (t„) 
such that x n ^ y n but f(x n , t) = f(y n , t). Suppose x n — > x and y n — > y. 
We see x = y, otherwise it will contradict to the fact that i is an 
embedding. But if x = y, it will contradict to the fact that / is an 
immersion on each fiber. 

Now we give an important example of manifolds such that 
H 1 {M,T N \ M ) = 0. 

Proposition 2.1. Let M be a simply connected Calabi-Yau threefold. 
M —>■ CP D is an embedding. Then we have 

H\M,T CP n\ M )=0 
Proof: From the Euler exact sequence 
(2.6) -> C -> ©27+10(1) -> T CPD -> 

We have the long exact sequence 

> H\M, ® d+ iO(l)) -> H\M,T CPD \ M ) -> H 2 (M, O) ^ ■ ■ ■ 

By Kodaira Vanishing theorem 

H\M, ® D+ iO(l)) = 
By Dolbeault theorem and Serre Duality H 2 (M, O) = 0, we have 

H\M,T CPD \ M )=0 

Corollary 2.1. Suppose M is a simply connected Calabi-Yau threefold. 
If M is embedded to some CP D , then M t = 7r _1 (t) can also be embedded 
to the same CP D for small t. 

The following example showed that in general, H 1 (M, T cp d\m/Tm) ^ 

0. 

Example. Suppose M = T cp d\m/Tm is the normal bundle of M 
in CP D in the previous proposition. Then in general, H 1 (M,J\f) ^ 0. 

Proof: We have the exact sequence: 

— > T M — > T cp d\ m — > — > 

So the long exact sequence gives 

> H\M,T CP n\ M ) ^ H\M,Af) H 2 (M,T M ) 

^H 2 (M,T CP o\ M )^--- 

However, by Serre Duality, H 2 (M,T M ) = H l ' l {M). And it is easy to 
see from the Euler Sequence (|2.6J) that dim if 2 (M, T cp d\m) = 1- Thus 
in general dim if 1 (M, A/") > dim H X,1 (M) — 1 and is not zero. 



3. The Convergence 

Now we shall show that the power series fk( z k, t) in Equation (|2.5jl 
for all k & I, converge for |t| < e , e being a sufficiently small pos- 
itive number, provided that we choose for each m the homogeneous 
polynomials fk\ m +i{ z ki t), fee/, satisfying in a proper manner. 

For any vector £ = £ 2 , • • • , £ A , • • • ), we define 

\£\ = Max x \e\ 

Consider a power series 



in ux, ■ ■ • , u q whose coefficients £i m> ... , n are vector valued functions of z 
and a power series 

a(u) = ai m> ... , n u[u™ ■•■Uq, aim,- ,n > 
We indicate by writing £(z,u) <C a(u) that 

|£im,--- ,n\ z ) | ^ dim,- - ,n 

Let 

oo 1 

^) = ^E^.+ ■■•+*)" 

n=l 

where a and b are positive constants. We have 

7 = 2,3,..- 

For our purpose it suffices to prove the inequalities 

fk(z k ,t) < A(t), ie/ 

In what follows we denote by c , Ci, c 2 , • ■ ■ positive constants which 
are greater than 1. We may assume that 



Kl 



< c , c > 1 



For the sake of simplicity, we denote f™(zk,t) — i(zk) by f™(zk,t). 
Then for sufficiently large a, we have 

fl(z k ,t) < ±.(t 1 + --- + t d )<&A(t), k E I 
lb 

Now assuming the inequalities 

f^(z k ,t)^A(t), kel 



s 



for an integer m > 1, we shall estimate the coefficients of the homoge- 
neous polynomials *&ik{z, t). We expand h ik and g ik into power series, 
whose coefficients are vector values holomorphic functions: 

oo 

a=0 
oo 

for i,k G I. 

Recall that in Equation (J2.3j) 

= [h jk U7(zk,t))} m+1 - [/f(^ fe (z fe ,t),t)] m+ i 

where [a] m+ i is of polynomial of t of degree bigger than m. First 
we estimate [hjk(f™(zk,t))] m +i. The terms which are linear in hj k 
contributes nothing to [hjk(ffP(zk,t))] m +i- So we have 

oo 
a=2 

< ci(r + n)A(*) 2J 7 ) 

a=l 

Assuming that 

6 > 2ci(r + n)a 

we obtain therefor 

(3.i) [h Jk UT{z k ,t))} m+1 « 2 C y a rM(t) 

On the other hand 

[f™(g jk (z k ,t),t)] m+1 = [ff (g jk (z k ,t),t) -fp { Zj ,t)] m+1 

Denote by Uf the subdomain of C/j consisting of all points Zj = (zj, 0), 
\zj\ < 1 — 5. We fix a positive number 5 such that {Uf\i G J} forms a 
covering of M. Take a point z G £4 fl Uf and let Z& and Zj be the local 
coordinates of z on C4 and Uj respectively. Obviously, we have 

zj = g jk (zk,0), \z k \ < 1, \zj\ < 1 - 6 

Letting y = (yi, • • • ,y n ), we expand the coefficients of polynomial 
f™(zj + y,t) into power series. Suppose \y\ < 5, we have 

[f™( Zj + y ,t)- f?(zj,t)) m+1 « A( t )(K =1 (i - ^r 1 - 1) 
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Now if t is small, and // = Maxj t k\gjk(zk, t) — Zj\ < 5, then 

(3.2) [fr(9A^t),t)] m+1 « ((1 - - l)A(t) 
So from Equation ()3.1|) and ()3.2|) . we have 

« (2c?(r + n) 2 ^" 1 + ((1 - ^)" n - l))A(t) 

We take arbitrary point z 6 t/jt H t/j and choose a domain which 
contains z, then 

aifj cm,- 

Thus 

« 2c (2c 2 (r + n) 2 ^- 1 + ((1 - ^)~ n - l))A(t) 

o 

Let c 3 = 2c (2c 2 (r + nfab' 1 + ((1 - £ )- n - 1)). Then 

(3.3) ^ < c 3 A(t) zeU k UUi 

The following lemma can be proved by an elementary considera- 
tion. 0. 

Lemma 3.1. We can choose the homogeneous polynomials ^i,i G I 
satisfying 

dwi 

■ih 



m such a way that 

< c 3 c 4 A(t) 

where > 1 is a constant independent of m. 

□ 

Since /x is independent of m, and \i — > as t — > 0, we can choose 
t small enough such that 2cq((1 — fi/5)~ n — 1) < |. Choosing 6 large 
enough so that 4c c 2 (r + n) 2 ab~ l < ~, we have 

/™ +1 «yl(t), je/ 

The convergence of the power series is proved. 
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